Fermion masses on a warped 6D world with the extra 2D sphere by Kokado, Akira & Saito, Takesi
ar
X
iv
:1
40
1.
34
99
v3
  [
he
p-
th]
  4
 Fe
b 2
01
4
Fermion masses on a warped 6D world with the extra 2D sphere
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In a warped 6-dimensional world with an extra 2-dimensional surface of a sphere, we find a
4-dimensional fermion mass formula with a zero mode. The warp factor is given by φ(θ, ϕ) =
sin θ cosϕ, which is a solution to the 6-dimensional Einstein equation with the bulk cosmological
constant Λ and the energy-momentum tensor of the bulk matter fields.
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I. INTRODUCTION
The 6-dimensional space is particularly inter-
ested in unified theories in higher-dimensions.
The extra 2-dimensional compact space gener-
ates some useful gauge symmetries for various
fields[1]-[4].
In this article we specially confine ourselves to
the problem of fermionic masses when the extra
2-dimensional surface is a sphere. In this case we
encounter a serious theorem that there is no zero
mode in a 4-dimensional fermionic field [5][6].
This theorem can be generalized to any internal
space with a positive curvature. Since it is desir-
able that we have a zero mode in unified theories
at least at the first symmetric stage, this theo-
rem is unwelcome. To overcome this difficulty it
has been considered to introduce a gauge field.
When the gauge field has Dirac’s monopole, we
get the zero mode of fermionic fields [7]
As another possibility of obtaining fermion
zero mode, we consider here the warped 6-
dimensional world model with the extra 2-
dimensional surface of a sphere. The line ele-
ment of this model is
ds2 = gABdx
AdxB (1.1)
= φ2(θ, φ)ηµνdx
µdxν − a2(dθ2 + sin2 θdϕ2) ,
where the 4-dimensional metric, ηµν , has the
signature (+,-,-,-), and the extra 2-dimensional
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surface is a sphere with a constant radius a and
the two spherical angles xi, i = 5, 6, x5 = θ and
x6 = ϕ (0 ≤ θ ≤ pi, −pi/2 ≤ ϕ ≤ pi/2). In the
following we assume a << 1, in order to make
KK modes negligible. The warp factor is given
by
φ(θ, φ) = sin θ cosϕ, (1.2)
which is a solution to Einstein’s equation with
the bulk cosmological constant Λ and the
energy-momentum tensor of the bulk matter
fields. We solve the 6D Dirac equation with a 6D
zero-mass in this 6D warped background (1.1).
We then find a 4-dimensional fermion mass for-
mula with a zero mode.
In Sec.II the warp factor (1.2) is derived. In
Sec.III the Dirac equation in 6D warped back-
ground is summarized. In Sec.IV the Dirac
equation is solved in the method of separable
variables to obtain the fermion mass formula.
The final section is devoted to concluding re-
marks. The Appendix is prepared for derivation
of boundary parameters.
II. THE WARP FACTOR
The action of the gravitational system in six
dimensions can be written as
I =
1
2κ26
∫
d6x
√−g(R+ 2Λ) , (2.1)
where κ26 = 8piGN is the six dimensional New-
ton constant and Λ is the bulk cosmological con-
stant. When we have a stress-energy tensor TAB
2in the bulk, Einstein equations become
RAB − 1
2
gABR = κ
2
6
(
ΛgAB + TAB
)
. (2.2)
Capital Latin indices run over A,B, · · · =
0, 1, 2, 3, 5, 6.
We look for solutions of Eq.(2.2) with the
ansatz (1.1). The equation (1.2) is a solution
to Eq.(2.2) with stress-energy tensor of the bulk
matter fields[1][8],
Tµν = −gµνE(θ, ϕ), Tij = −gijP (θ, ϕ),
Tiµ = 0 , (2.3)
E(θ, ϕ) =
3
κ26a
2φ2(θ, ϕ)
, P (θ, ϕ) =
6
κ26a
2φ2(θ, ϕ)
.
The results are obtained in the following: From
Eq.(2.2) we have four equations as
3
φ2
(∂φ
∂θ
)2
+
3
φ
∂2φ
∂θ2
+
3 cos θ
φ sin θ
∂φ
∂θ
+
3
φ2 sin2 θ
(∂φ
∂ϕ
)2
+
3
φ sin2 θ
∂2φ
∂ϕ2
− 1
= κ26a
2
(
E − Λ)) , (2.4)
6
φ2 sin2 θ
(∂φ
∂ϕ
)2
+
4
φ sin2 θ
∂2φ
∂ϕ2
+
4 cos θ
φ sin θ
∂φ
∂θ
+
6
φ2
(∂φ
∂θ
)2
= κ26a
2
(
P − Λ) , (2.5)
6
φ2
(∂φ
∂ϕ
)2
+
6 sin2 θ
φ2
(∂φ
∂θ
)2
+
4 sin2 θ
φ
∂2φ
∂θ2
= κ26a
2 sin2 θ
(
P − Λ) , (2.6)
cos θ
φ sin θ
∂φ
∂ϕ
− 1
φ
∂2φ
∂θ∂ϕ
= 0 . (2.7)
For such a solution that φ(θ, ϕ) = Θ(θ)Φ(ϕ)
takes a maximum value 1 at θ = pi/2 and ϕ = 0,
the last equation is immediately solved as
Θ(θ) = C sin θ . (2.8)
Substituting the result into the other three equa-
tions above, we get
κ26a
2 =
10
Λ
, Φ(ϕ) = cosϕ , C = 1 , (2.9)
and Eqs.(2.3).
To sum up we have
φ(θ, ϕ) = sin θ cosϕ , (2.10)
TAB =
3Λ
10
dial
(
− 1, 1, 1, 1, 2a
2
φ2
,
2a2 sin2 θ
φ2
)
.
(2.11)
III. THE 6D DIRAC EQUATION
We now consider the 6-dimensional massless
Dirac equation with the metric (1.1):
ibAA¯Γ
A¯DAΨ(x
A) = 0 , (3.1)
where DA denote covariant derivatives, Γ
A¯ the
6-dimensional flat gamma matrices and bA¯A the
sechsbein through the definition
gAB = ηA¯B¯b
A¯
Ab
B¯
B . (3.2)
A¯, B¯, · · · are local Lorentz indices.
In six dimensions a spinor
Ψ(xA) =
(
ψ
ξ
)
, (3.3)
has eight components and is equivalent to a pair
of 4-dimensional Dirac spinors, ψ and ξ. We use
the following representation of the flat (8 × 8)
gamma-matrices
Γµ = γµ ⊗ 1 , Γθ = iγ5 ⊗ τ1 , Γθ = iγ5 ⊗ τ2 ,
(3.4)
where τi’s are Pauli matrices. They satisfy{
ΓA¯ ,ΓB¯
}
= 2ηA¯B¯ . (3.5)
The sechsbein for our background metric (1.1)
is given by
bAA¯ =
( 1
φ
δAµ¯ ,
1
a
δAθ¯ ,
1
a sin θ
δAϕ¯
)
. (3.6)
From the definition of standard spin-connections
the non-vanishing components for them can be
found
ωθ¯µ¯µ =
1
a
cos θ cosϕ , ωϕ¯µ¯µ = −
1
a
sinϕ , (3.7)
ωθ¯ϕ¯ϕ = cos θ .
3The Dirac equation (3.1) then reduces to
[ 1
φ
Γµ∂µ +
1
a
Γθ
(
∂θ +
1
2
cot θ − sin θ
φ
)
+
1
a sin θ
Γϕ∂ϕ
]
Ψ(xA) = 0 . (3.8)
If we put
Ψ(xA) =
1
φ2
√
sin θ
Ψ˜(xµ, θ, ϕ) , (3.9)
it follows that(
iaφ−1γµ ⊗ 1∂µ − γ5 ⊗ ∇ˆ
)
Ψ˜(xµ, θ, ϕ) = 0 ,
(3.10)
where
∇ˆ ≡ (τ1∂θ + τ2 1
sin θ
∂ϕ
)
. (3.11)
Let us expand Ψ˜(xµ, θ, ϕ) into eigenfunctions
of the chiral operator γ5 as follows:
Ψ˜(xµ, θ, ϕ) = ψR(x
µ)f+(θ, ϕ) + ψL(x
µ)f−(θ, ϕ) ,
(3.12)
where γ5ψR(x
µ) = ψR(x
µ) and γ5ψL(x
µ) =
−ψL(xµ). If we use the Dirac equation with
mass m in 4-dimension,
iγµ∂µψ = mψ , (3.13)
or equivalently
iγµ∂µψL = mψR , (3.14)
iγµ∂µψR = mψL ,
it follows that
∇ˆf±(θ, ϕ) = ±ma
φ
f∓(θ, ϕ) . (3.15)
These equations reduce to
− i∇ˆg±(θ, ϕ) = ±ma
φ
g±(θ, ϕ) , (3.16)
g± =
f+ ∓ if−
2
.
Here it should be noted that there is no zero
mode (m = 0) for the 4D Dirac field ψ(xµ),
when φ ≡ 1. This is because the Dirac operator
∇ˆ is just the Dirac operator on the sphere, its
eigenvalues are known to be non-zero
− i∇ˆgλ(θ, ϕ) = λgλ(θ, ϕ) , (3.17)
with λ = ±1,±2, · · · [5][6]. Here gλ(θ, ϕ) is the
spinor on the sphere. However, this is not always
clear in the case of the 6D warped space. In the
next section we would like to see how to fix the
fermion mass.
IV. FERMION ON THE EXTRA 2D
SPHERE
We would like to solve Eqs.(3.16), i.e.,
− i
(
τ1∂θ + τ2
1
sin θ
∂ϕ
)
g±(θ, ϕ)
= ± ma
sin θ cosϕ
g±(θ, ϕ) . (4.1)
This is a separable type of variables, so that we
put
g±(θ, ϕ) = α±(θ)
(
u±(ϕ)
v±(ϕ)
)
, (4.2)
to yield
∂θα±(θ) =
C±
sin θ
α±(θ) , (4.3)
and(
∂ϕ − iC±
)
u±(ϕ) = ± ma
cos θ
v±(ϕ) , (4.4)(
∂ϕ + iC±
)
v±(ϕ) = ∓ ma
cos θ
u±(ϕ) , (4.5)
where C± are arbitrary constants.
The first equation (4.3) can be solved with a
constant α± as
α±(θ) = α± tan
C±(
θ
2
) . (4.6)
From coupled equations (4.4) and (4.5) we have
equations of the Schrodinger type,
[
∂2ϕ − tanϕ∂ϕ + iC± tanϕ+ C2± +
m2a2
cos2 ϕ
]
u±(ϕ)
= 0 . (4.7)
v±(ϕ) are given by solutions u±(ϕ) with use of
Eqs.(4.4).
4By using a variable ζ = (1 + i tanϕ)/2, the
general solution is given by
u(z) = eiCϕ
[
AF (ima,−ima,C + 1
2
; ζ) +Bζ
1
2
−C
× F (ima+ 1
2
− C,−ima+ 1
2
− C, 3
2
− C; ζ)
]
,
(4.8)
where F is the Gauss series and A and B are
arbitrary constants. Here we have dropped suf-
fices ±.
Let us now consider the behavior of the solu-
tion near ϕ = ±pi/2. If we put ϕ = ±pi/2 ∓ ε
with a small positive ε, we have tanϕ ∼ ±(1/ε)
and cosϕ ∼ ε. In this region near ϕ = ±pi/2,
Eq.(4.7) reduces to
[
∂2ϕ − tanϕ∂ϕ +
m2a2
cos2 ϕ
]
u±(ϕ) = 0 . (4.9)
Near ϕ = ±pi/2 it may be simpler to con-
sider solutions of these equations rather than
the original exact solutions. General solutions
of Eq.(4.9) are given by
u± = A± exp
[
ikw(ϕ)
]
+B± exp
[− ikw(ϕ)] ,
(4.10)
where
w(ϕ) =
1
2
ln
1 + sinϕ
1− sinϕ = −w(−ϕ) , (4.11)
k = ma .
Note
w(ϕ) ≃
{
− ln ε > 0 for ϕ = pi2 − ε ,
ln ε < 0 for ϕ = −pi2 + ε .
(4.12)
For v± we get
∂wu± = ±kv± . (4.13)
According to the formula of the warp fac-
tor φ(θ, ϕ) = sin θ cosϕ, the 4D metric be-
comes zero and some components of the energy-
momentum tensors (2.11) are divergent at
boundaries θ = 0, pi and ϕ = ±pi/2.
We now consider the conserved current of
fermion,
JA = ψ¯ΓAψ , (4.14)
which satisfies the continuity equation
DAJ
A = 0 , (4.15)
This equation reduces to
φ−1∂µ
( ¯˜
ψΓµψ˜
)
+ a−1∂θ
( ¯˜
ψΓθψ˜
)
+ a−1 sin−1 θ∂ϕ
( ¯˜
ψΓϕψ˜
)
= 0 . (4.16)
The first 4-dimensional part vanishes because of
the 4D field equation. As boundary conditions
near θ = 0, pi and ϕ = ±pi/2, we impose
∂θ
( ¯˜
ψΓθψ˜
)
= 0 , at θ = η, pi − η (4.17)
∂ϕ
( ¯˜
ψΓϕψ˜
)
= 0 , at ϕ = ±(pi
2
− ε) (4.18)
where small quantities ε and η will be fixed later.
For the first boundary condition (4.17), we
have
∂θ
[
¯˜ψ(xµ, θ, ϕ)Γθψ˜(xµ, θ, ϕ)
]
= ∂θ
[
− ψ¯RψL · f¯+iτ1f− + h.c.
]
= 0 . (4.19)
Since
f+ = g+ + g− =
(
α+u+ + α−u−
α+v+ + α−v−
)
, (4.20)
f− = i(g+ − g−) = i
(
α+u+ − α−u−
α+v+ − α−v−
)
,
(4.21)
we get
f¯+iτ1f− =
− 2|α+(θ)|2
[
A+B
∗
+e
2ikw − c.c.]
+ 2|α−(θ)|2
[
A−B
∗
−e
2ikw − c.c.]
− 2[α∗−(θ)α+(θ)(A+A∗− −B+B∗−)− c.c.] ,
(4.22)
where
|α±(θ)|2 = |α±|2 tan(C¯
∗
±+C¯±)(θ/2) ,
α∗±(θ)α∓(θ) = α
∗
±α∓ tan
(C¯∗±+C¯∓)(θ/2) .
Hence we see that Eq.(4.22) is independent of
θ if C¯∗± + C¯± = C¯
∗
± + C¯∓ = 0, that is,
C+ = C− ≡ C = −C∗ . This means that
|α±(θ)|2 and α±(θ)α∓(θ) are all constants, even
at θ = η, pi − η.
5For the second boundary condition (4.18),
similarly we have
∂ϕ
( ¯˜ψΓϕψ˜)
=
(
ψ¯RψL − ψ¯LψR
) 4ik
cosϕ
[
Ke2ikw − c.c.] = 0 ,
(4.23)
where
K ≡ α+α∗−A+B∗− + α∗+α+A−B∗+ . (4.24)
From Eqs.(4.23) and (4.12) we have
(K −K∗)k cos (2k ln ε) = 0 , (4.25)
(K +K∗)k sin (2k ln ε) = 0 . (4.26)
The solutions to these equations are
k = ma =
npi
2| ln ε| , when K = K
∗ (4.27)
or
k = ma =
(n+ 12 )pi
2| ln ε| , and k = 0 , (4.28)
when K = −K∗
where n = 0, 1, 2, · · · . WhenK is a general com-
plex number, the possible solution is onlym = 0
mode.
Here, the boundary parameters ε and η are
given by, in the Appendix,
|ϕ| ≤ pi
2
− ε , η ≤ θ ≤ pi − η , (4.29)
ε = a
2
3 , η = a
1
2 , a3| ln a| >> κ26/6 .
Substituting ε = a2/3 into Eqs.(4.27) and (4.28)
we have the 4D fermion mass formulas
m =
3
4a| lna|npi , (n = 0, 1, 2, · · · ) (4.30)
for K a real number,
m =
3
4a| lna| (n+
1
2
)pi , m = 0 (4.31)
for K a pure imaginary number, and
m = 0 , (4.32)
for K a general complex number.
The above inequalities (4.29) come from the
inequality
∣∣T (b)AB∣∣ >> ∣∣T (f)AB∣∣ , (4.33)
where T
(b)
AB is the bulk energy-momentum ten-
sor given by Eq.(2.11), while T
(f)
AB is the fermion
energy-momentum tensor. If the above inequal-
ity holds, the back reaction from the fermion
may be neglected. The detail will be discussed
in the Appendix.
V. CONCLUDING REMARKS
In the 6D warped world model with the extra
2D surface of a sphere, we have derived mass
formulas for 4D fermion, and have shown that
they include the zero mode.
The mass formulas have come from the
boundary conditions (4.17) and (4.18). Here
the boundaries of θ and ϕ are so defined by
Eqs.(4.29) from the condition that the back re-
action from the fermion should be neglected.
The ε and η are given by ε = a2/3 and η = a1/2,
where a is the radius of the extra dimension with
constraint a3| ln a| >> κ26/6. Though the a is
assumed to be very small a << 1, but it can
not tend completely to zero because of this con-
straint.
As the boundary condition we adopted we
make use of the continuity equation (4.15) of the
current JA, which should hold even at bound-
aries. Hence the most simple boundary condi-
tions are to put as Eqs.(4.17) and (4.18), sepa-
rately. These conditions seem to be very weak
forms, comparing with other forms of boundary
conditions for each wave function of f±’s.
The warp factor is given by φ(θ, ϕ) =
sin θ cosϕ, which is a solution to Einstein’s equa-
tion with the bulk cosmological constant Λ and
the energy-momentum tensor (2.3) of the bulk
matter fields.
Our model provides another possibility of ob-
taining fermion zero mode, rather than tradi-
tional model based on Dirac’s monopole.
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Appendix A: Boundary parameters
The fermion energy-momentum tensor is
given by
T
(f)
AB = iψ¯
(
ΓADB + ΓBDA
)
ψ − gABiψ¯ΓMDMψ ,
(A1)
where the second term becomes zero for the
6D massless fermion. Substituting ψ =
(φ2 sin1/2 θ)−1ψ˜ into Eq.(A.1) we have for the
µν component
T (f)µν =
i
φ3 sin θ
¯˜
ψ
(
Γµ∂ν + Γν∂µ
)
ψ˜ (A2)
=
i
φ3 sin θ
[
ψ¯R(γµ∂ν + γν∂µ)ψR · f †+f+
+ ψ¯L(γµ∂ν + γν∂µ)ψL · f †−f−
]
=
1
φ3 sin θ
[
tRµν · f †+f+ + tLµν · f †−f−
]
,
where
tRµν = iψ¯R(γµ∂ν + γν∂µ)ψR , (A3)
tLµν = iψ¯L(γµ∂ν + γν∂µ)ψL , (A4)
and
f †+f+ = |u+ + u−|2 + |v+ + v−|2 , (A5)
f †−f− = |u+ − u−|2 + |v+ − v−|2 , (A6)
Let us put
C(f)µν = t
R
µν · f †+f+ + tLµν · f †−f− , (A7)
then from the inequality (4.33) we are enough
to check only for diagonal parts
3Λ
10
>>
1
|φ3 sin θ| |C
(f)
µν | , (A8)
which reduces to
| cos3 ϕ| ≥ | sin4 θ cos3 ϕ| >> 10|C
(f)
µν |
3Λ
. (A9)
Since the 4D energy-momentum tensor element
C
(f)
µν may be extremely smaller than the 6D
Planck mass, i.e.
|C(f)µν | <<
1
κ26
, (A10)
we have
10|C(f)µν |
3Λ
<<
10
3Λκ26
=
a2
3
≡ ε3 , (A11)
by using Eq.(2.9). Hence we get inequalities
| cos3 ϕ| ≥ ε3 >> 10|C
(f)
µν |
3Λ
, (A12)
| sin4 θ| ≥ ε3 >> 10|C
(f)
µν |
3Λ
,
hence
|ϕ| ≤ pi
2
− ε , η ≤ θ ≤ pi − η , (A13)
ε = a
2
3 , η = a
1
2 .
Here we have dropped the factor 1/3 in ε3, since
such a factor is negligible in | ln ε| in the mass
formulas (4.27) and (4.28). We have defined the
boundaries of ϕ and θ by ε and η.
For another component we have
T
(f)
55 =
a
φ4 sin θ
¯˜ψ
(
iγ5 ⊗ τ1∂θ
)
ψ˜ (A14)
=
ia
φ4 sin θ
[
ψ¯RψLf
†
+τ1∂θf− − ψ¯LψRf †−τ1∂θf+
]
=
iaC
φ4 sin θ
D ,
where D ≡ (N4f †+τ1f− −N †4f †−τ1f+) and N4 ≡
ψ¯RψL. |CD| may be O(1) from the normaliza-
tion condition of 4D fermion and finiteness of
f †f terms. Hence the inequality becomes
6a2Λ
10φ2
>>
a|CD|
φ4 sin2 θ
≈ a
φ4 sin2 θ
, (A15)
then
sin4 θ cos2 ϕ >>
10
6aΛ
=
aκ26
6
. (A16)
Since the lower bounds of cos2 ϕ and sin4 θ are
given by a4/3 and a2, respectively, we get new
inequalities for a,
a
7
3 >>
κ26
6
. (A17)
7For the 66 component we get
T
(f)
66 =
ia
φ4
[
− (N4f †+τ1f− −N †4f †−τ1f+)
+
ma
cosϕ
(
N4|f+|2 −N †4 |f−|2
)]
. (A18)
Since the second term dominates near ϕ = pi/2,
the inequality becomes
6a2Λ sin2 θ
10φ2
>>
ma2|E|
φ4 cosϕ
, (A19)
where E ≡ N4|f+|2 − N †4 |f−|2 ≈ O(1). This
reduces to
φ2 sin2 θ cosϕ >>
10m|E|
6Λ
. (A20)
Hence we have
sin4 θ cos3 ϕ >>
10m|E|
6Λ
=
κ26a
2
6
3npi|E|
4a lna| ≈
aκ26/6
| ln a| ,
(A21)
that is,
a3| ln a| >> κ
2
6
6
, (A22)
Since a7/3 > a3| ln a|, Eq.(A17) is covered by
Eq. (A22).
To sum up, regions of ϕ and θ are given by
|ϕ| ≤ pi
2
− ε , η ≤ θ ≤ pi − η , (A23)
ε = a
2
3 , η = a
1
2 ,
together with the constraint (A22).
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